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Globally cohesive drops without interfacial tension
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Abstract

For sedimenting, immiscible drops at unit viscosity ratio, a cohesive chemical potential is formulated to agree formally with the

boundary-integral (BI) equation of Stokes flow. Against conventional wisdom, the resulting �bulk cohesion� (BC) force field does not

give rise to interfacial tension. Nevertheless, particle simulations based upon this concept accurately reproduce complex shape evo-

lutions of trailing drops as calculated with BI. The BC force is easier to compute than volumetric versions of interfacial tension, and

the radius of cohesion need not be small.

� 2004 Elsevier B.V. All rights reserved.
1. Bulk cohesion versus interfacial tension

Cohesion between molecules in a liquid phase enters

the continuum equations of fluid dynamics indirectly,

through the phenomenon and concept of surface (or

interfacial) tension. Straightforward descriptions of sur-

face energy [1–3] belie the subtlety of arguments needed

to explain the origin of tangential tension at the surface,
and of its mescoscale equivalent: negative surface-excess

pressure [4]. The explanation involves anisotropic fall-

off of the time-averaged, summed intermolecular forces

near the surface [5].

In order to track very complicated interfacial defor-

mations (coalescence and rupture), computational meth-

ods in continuum fluid dynamics usually take a

volumetric tack [6–16], whereby the tensile forces are
smeared out over a thin but finite �active� layer strad-

dling the mathematical surface on which the stress-jump

boundary condition would otherwise be imposed. In this
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static continuum picture (Fig. 1a), which does not

explicitly acknowledge the dynamic equilibrium between

attractive and repulsive intermolecular forces, mutual

attraction between only those material points lying with-

in the thin surface layer produces the defining, aniso-

tropic property of interfacial tension: the resulting

normal force is always directed toward the concave side

of the interface. Thus it points toward or away from the
drop, according to the sign of the local surface mean

curvature H.

A more superficial picture, involving isotropic attrac-

tion between all molecules or material points within a

certain radius of cohesion (Fig. 1b), is consistent with

the typical textbook explanation of surface energy

[1–3]. But this model fails entirely to provide a mecha-

nism for surface tension [5], because the resultant of
unbalanced cohesive forces always points back into the

drop phase, no matter what the curvature of the surface.

It was probably the misapplication of this conceptual

picture at the molecular scale that led to early controver-

sies about the origin, and even the actual existence, of

surface tension [5]. We shall refer to such volumetric

forces as representing �bulk cohesion� (BC), to distin-

guish them very clearly from the forces (Fig. 1a) that
actually produce interfacial tension (IT).
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Fig. 1. Two stylized, continuum views of molecular cohesion and the

resultant normal force at the surface. Self-cohesion occurs within the

shaded areas, and the circles indicate the radius of attraction: (a)

interfacial tension (IT), (b) bulk cohesion (BC).
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Heretofore, volume-based computation in fluid

dynamics has had to overcome the numerical burdens

associated with IT forces: capturing interfaces and

resolving surface mean curvature accurately from volu-

metric information [6–16]. Obviously, surfaces will also
contract in response to bulk cohesion – despite its failure

to produce interfacial tension. What seems to remain

unexploited in the long history of numerical fluid

dynamics is the observation that the BC force can be

quantitatively accurate in predicting complicated behav-

iors of immiscible drops – even when the range of cohe-

sion is not small compared to the dimension of the

drop(s). The following theoretical derivation and
numerical example will justify this conclusion with refer-

ence to gravity-driven flows of drops of the same viscos-

ity as the surrounding liquid.
2. Chemical potential for bulk cohesion

The volumetric force field that animates flow is given
by the gradient of a general chemical potential, which

involves gravitational and cohesive contributions:

fBCðrÞ ¼ bĝþ ar ln½cðrÞ�: ð1Þ
Here ĝ is the unit vector pointing in the direction of

gravity, and a and b are parameters (related to the den-

sity, viscosity and interfacial tension) that will be deter-
mined below. The concentration field c(r) of the drop(s)

is the phase (or color) function, which is constant (say,

unity) inside the drop(s), vanishes outside, and has a

sharp discontinuity along the interface. The force field

fBC(r) can be interpreted as a generalized function, or

else the pointwise concentration field c(r) in Eq. (1)

can be replaced with a smoothed concentration field

(in order that $c(r) is defined in the ordinary sense when
r lies on the interface):

�cðrÞ ¼ 4pI2�3
� ��1

Z Z Z
V1

cðqÞ/ kr� qk=�ð Þ d3q ð2Þ

with /(x) = 0 for x>1 and

In ¼
Z 1

0

/ðxÞxn dx: ð3Þ
The dimensionless weight function / plays the role of

a cohesive potential, which acts over a radius � that is

accessible to the continuum view. There is considerable

latitude as to the functional form of /: the radial inte-

grals I2 and I3 automatically extract its dynamically sig-

nificant features. For the particle simulations reported
below, we used a smooth function based upon a solution

of the radial Helmholtz equation,

/ðxÞ ¼ ð2 sinðpxÞ þ sinð2pxÞÞ=ð2pxÞ: ð4Þ

The bulk cohesion force is nonzero only for drop-

phase material points lying within distance � of the sur-

face, and it always points from the surrounding liquid
back into the drop(s).

fBC � �ða=�ÞðI1=I2Þn; r 2 Sdrop ð5Þ

with n the outward pointing unit normal vector. That

means cohesion without any interfacial tension.

To examine how and why the IT and BC forces,

which differ qualitatively (Fig. 1), can give rise to

quantitatively similar velocity fields and observable

dynamics, we must relate fBC to the usual interfacial
stress-jump boundary condition. In the process we will

change a previous proposal [17] for the form of BC

forces in a subtle but very crucial way.
3. Transferring surface mean curvature to the volume

Subsequent arguments will rely on a Green�s-function
representation of the velocity field, which restricts the

considerations to creeping flows of drops that have the

same viscosity as the surrounding liquid. As will be seen

below, interesting phenomena persist within these sim-

plifying assumptions. The average concentration �cðrÞ is
exactly 1/2 when it is evaluated at a material point r ly-

ing on a flat interface. If the interface is curved, then the

surface point r is slightly more or less than half sur-
rounded by nearby material points of the drop phase,

according to the local surface mean curvature H(r),

and �cðrÞ differs slightly from 1/2:

�c ¼ 1

2
1� 1

2

I3
I2

� �
ðH�Þ � A

16

I5
I2

� �
ðH�Þ3 þOð�5Þ

� �
; ð6Þ

¼ 1

2
exp � 1

2

I3
I2

� �
ðH�Þ

� �
� 1

8

I3
I2

� �2

ðH�Þ2 þOð�3Þ
( )

: ð7Þ

The coefficient A is given in terms of H(r), the Guas-

sian curvature K(r), and a function f(n,w) that specifies
the surface as a Monge patch [18], with n and w the local

Cartesian coordinates in the tangent plane:

A ¼ 3K

H 2
� 5þr4f

4H 3
: ð8Þ
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Formally, the truncated expansions (6) and (7) re-

quire H��1. But the constants in the expansion con-

spire to relax this restriction considerably in numerical

practice.

Retaining only the linear term on the RHS of Eq. (6)

represents a purely geometric approximation, which has
been observed numerically to yield surprisingly accurate

results for a prolate spheroid (transverse/longitudinal

axis ratio R = 0.6) with � on the order of H�1 [17]. From

the next term in the expansion we can now see why this

was so. At the tips of the spheroid (at which the curva-

ture is the highest and the error is the biggest) we have

3rd term

2nd term

				
				 ¼ AI5

8I3

				
				ðH�Þ2 ¼ ð0:0746ÞjR2 � 1jðH�Þ2: ð9Þ

Although this result uses I3 and I5 based upon the
particular functional form (4) for the cohesive potential

/, similar shapes yield a similarly forgiving asymptotic

expansion.

The further approximation (7) enables us to write the

mean curvature in terms of the cohesive chemical

potential:

H � � 2

�

I2
I3
ðln�cþ ln 2Þ: ð10Þ

This physically essential truncation is justified by

noting the coefficient of (H�) in the relative error:
I3/4I2 = 0.115.

For unit viscosity ratio, the (dimensionless) bounda-

ry-integral (BI) equation for Stokes flow [19–26] reduces

to a superposition of point forces over the interface to

yield the velocity field directly:

vðrÞ ¼
Z Z

Sdrop

Boðĝ � qÞ � 2HðqÞ½ �nðqÞ � Gðq� rÞ d2q

ð11Þ
with Bo the Bond number and G(r) the Stokeslet or

Oseen–Burgers tensor,

GðrÞ ¼ 1

8p
r�1Iþ r�3rr
� �

: ð12Þ

In Eq. (11) the mean curvature term represents inter-

facial tension (Fig. 1a), and the action of gravity has

been transferred artificially from the volume of the drop
to its interface.

Substituting Eq. (10) for H, and using the solenoidal

nature of the Stokeslet tensor, one obtains

vðrÞ�
Z Z

Sdrop

Boðĝ �qÞþ4

�

I2
I3
ln�cðqÞ

� �
nðqÞ �Gðq� rÞd2q: ð13Þ

When we use the divergence theorem to transfer the
surface integral to the volume of the drop, we recover

the Green�s-function solution of the inhomogeneous

Stokes equations, where the volumetric force has

precisely the thermodynamic form of Eq. (1), with b =

Bo and a = (4/�)(I2/I3):
vðrÞ �
Z Z Z

V drop

fBCðqÞ � Gðr� qÞ d3q: ð14Þ

For any value of the interfacial tension (which enters

the dimensionless Bond number), the corresponding
coefficient a of bulk cohesion is determined by the

above derivation, and should not be regarded as an

empirically adjusted parameter. Eq. (14) justifies us in

regarding fBC(r) as the gravitational–cohesive force field

that drives Stokes flow, at least in the case of unit

viscosity ratio. Thus, volumizing the tensile force at

the interface has produced a non-IT force field

(bulk cohesion) that drives essentially the same velocity
field.
4. Simulation of sedimenting immiscible drops: BC

versus IT

The BC force (1), (2) could be applied in any volu-

metric CFD method [6–16]. Our previous papers
[27,17] have addressed one advantageous avenue of

computational implementation: using a swarm of dis-

crete particles, which are convected by the flow field

that the particles themselves generate through a

summed Monte-Carlo approximation of the volume

integral (14).

For the newer simulation shown in Fig. 2, which in-

volves many more particles than before, the summations
are reduced by lumping particles together into cells [28],

as indicated by the superimposed grids, and using a sec-

ond-order multipole expansion for each cell. (Near-cell

interactions are, however, summed directly over the par-

ticles.) The singular Green�s function (12) is also regular-

ized by smearing it out over a range of twice the mean

particle spacing; cf. [29,30]. The resulting �fuzzy� Stokes-
lets overlap each other�s clouds of force.

A particularly stringent test of the BC force is

provided by a comparison with the boundary-integral

method, because the latter concentrates all of the

hydrodynamic information on the surface, and imple-

ments interfacial tension directly; cf. Eq. (11). In Fig.

2 the BI calculations of Davis [25] for two buoyant

drops (Bo = 5) are compared with our particle-swarm

implementation of Eq. (14). Here bulk cohesion is
truly global, as � = 1 coincides with the radius of the

initially spherical drops. Nevertheless, the shapes of

both drops are accurately resolved, and the vertical

shift in Fig. 2d amounts to only 4% of the cumulative

distance traveled. Because the radius of cohesion vastly

exceeds the gap between the drops, immediate

(unphysical) coalescence of the drops must be pre-

vented by artificial means: the particles are divided
into two different �species�, which cohere within the

same drop, but do not interact with particles making

up the other drop [31].



Fig. 2. Shape evolution of two buoyant drops (Bo = 5) of the same

viscosity as the surrounding liquid. Referred to the dimensionless basis

of Eq. (11), both drops start out as unit spheres, separated by a gap of

1/10. In each graph the drop outline appearing on the right half

corresponds to the axisymmetric BI calculations of Davis [25]. The left

half shows a meridional slice of two swarms totalling 425,625 fuzzy

Stokeslets, with a global radius of cohesion (� = 1) for fBC. Cohesion

between the two drops is suppressed to avoid unphysically premature

coalescence: (a) t = 0; (b) t = 2; (c) t = 4; (d) t = 6.
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5. Conclusions

The main conclusion of the above work is that inter-

facial tension need not be invoked to explain the gravity-

driven motion and deformation of immiscible drops.

Isotropic bulk cohesion (Fig. 1b) produces essentially

the same velocity fields and resultant shape evolutions,

in the case of unit viscosity ratio. Only the attendant
pressure fields (which obviously differ) can distinguish

between the two mechanisms. Even when the BC driving

force acts over a global range, dynamics based upon it

adequately mimmick relatively fine features of drop

shapes. The BC force is simpler to calculate than volu-

metric formulations of interfacial tension [6–16].

A subtle but very crucial role is played by the approx-

imation (7). It is this step that ties the surface mean cur-
vature H to the thermodynamic form (1) of the cohesive

potential. Arguing from Eq. (6) alone, one would arrive

at a cohesive force of the form

fðrÞ ¼ 8

�

I2
I3

� �
r�c: ð15Þ

In earlier work [17], the inaccuracies associated with

such a formulation had inadvertently been obscured

by averaging of the resultant particle forces. Improve-
ments in accuracy of the particle simulations (described

above) reveal the chemical potential form of Eq. (1) to

be the correct one.

Eq. (1) would have the form of a diffusional driving

force if the coefficient a were negative. The diffusive flux

would then be directly proportional to fBC, in contrast
to the convolution integral (14) that produces the con-

vective flux of Stokes flow. Thus, diffusion and creeping

flow are produced by the same type of thermodynamic

driving force, acting through different propagators.
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